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In order that / be convex in A, a necessary and sufficient condition is that, for any
affine mapping <p : £-+*$ + b of R into E (with a ^ 0) such that <p(R) n A ^ 0, the
mapping /o y be convex in the interval ^"'(A) c R-
Let I ^ R be an interval, /a real function defined in I. In order that/ be convex in I
it is necessary and sufficient that, for every a el, the function / -» (f(t) —f(a))l(t — a)
be increasing in I n (Jfc}. Conclude from that result that at every point a interior to
I, / is continuous, and has both a derivative on the right and a derivative on the left;
furthermore, iia<b are two points interior to I, we have
— a
Conversely, if I is an open interval, / is continuous in I, has at every point a de-
rivative on the right, and// is increasing in I, then /is convex in I (use contradiction,
and problem 2).
If A is convex set in a real vector space E, a mapping / of A into R is called strictly
convex if, for every pair of distinct points x, y in A and every number A such that
0<A<1, one has
/(Ax + (1 - A)j) < A/(*) + (1 - A)/O).
If A = I is an open interval in R, in order that /be strictly convex in I, a necessary and
sufficient condition is that// be strictly increasing in I.
6. APPLICATIONS OF THE MEAN VALUE THEOREM
(8.6.1)	Let A be an open connected subset of a Banach space E, f a contin-
uous mapping of A into a Banach space F; if f has a derivative equal to 0
at every point of A, then f is a constant.
Let *0 be a point of A, and let B be the set of points x e A such that
/(*) =/(*<>)• B is closed with respect to A (3.15.1); on the other hand, if
xeB and if U is an open ball of center x contained in A, then U contains
the segment joining x to any of its points y, hence by (8.5.4) f(y) «/(x)
=/(*<>)• This snows that B is also open with respect to A, hence equal to A
by assumption (Section 3.19).
Better results are available, using (8.5.2): for instance, if E = R and
A is an interval in R, it is only necessary to assume that the derivative of
/exists and is 0 except at the points of a denumerable set.
(8.6.2)	Let E, F be two Banach spaces, f a differentiate mapping into F
of an open neighborhood A of a segment § joining two points a, b. Then, for
each xq e A, we have
B/00 -/(<0 -/'(*<>)' (b ~ *)|| < II6 - a\\ - sup
xeS

